Abstract. Some Hermite-Hadamard's type inequalities for convex functions of selfadjoint operators in Hilbert spaces under suitable assumptions for the involved operators are given. Applications in relation with the celebrated Hölder-McCarthy's inequality for positive operators and Ky Fan's inequality for real numbers are given as well.
Introduction
If f : I ! R is a convex function on the interval I; then for any a; b 2 I with a 6 = b we have the following double inequality
This remarkable result is well known in the literature as the Hermite-Hadamard inequality [17] . For various generalizations, extensions, reverses and related inequalities, see [1] , [2] , [9] , [11] , [13] , [14] , [15] , [17] the monograph [8] and the references therein.
Let A be a selfadjoint linear operator on a complex Hilbert space (H; h:; :i) : The Gelfand map establishes a -isometrically isomorphism between the set C (Sp (A)) of all continuous functions de…ned on the spectrum of A; denoted Sp (A) ; and the C -algebra C (A) generated by A and the identity operator 1 H on H as follows (see for instance [10, p. 3 
]):
For any f; g 2 C (Sp (A)) and any ; 2 C we have (i) ( f + g) = (f ) + (g) ; (ii) (f g) = (f ) (g) and f = (f ) ; (iii) k (f )k = kf k := sup t2Sp(A) jf (t)j ; (iv) (f 0 ) = 1 H and (f 1 ) = A; where f 0 (t) = 1 and f 1 (t) = t; for t 2 Sp (A) :
With this notation we de…ne f (A) := (f ) for all f 2 C (Sp (A)) and we call it the continuous functional calculus for a selfadjoint operator A:
If A is a selfadjoint operator and f is a real valued continuous function on Sp (A), then f (t) 0 for any t 2 Sp (A) implies that f (A) 0; 1 H :e: f (A) is a positive operator on H: Moreover, if both f and g are real valued functions on Sp (A) then the following important property holds:
in the operator order of B (H) : Jensen's inequality for convex functions is one of the most important result in the Theory of Inequalities due to the fact that many other famous inequalities are particular cases of this for appropriate choices of the function involved, see for instance [20, p.] .
The following result that provides an operator version for the Jensen inequality for convex functions is due to Mond and Peµ carić [21] (see also [10, p. 5 
Theorem 1 (Mond-Peµ carić, 1993, [21] ). Let A be a selfadjoint operator on the Hilbert space H and assume that Sp 
for each x 2 H with kxk = 1:
The following reverse for the Mond-Peµ carić inequality that generalizes the scalar Lah-Ribarić inequality for convex functions is well known, see for instance [10, p. 
For a recent monograph devoted to various inequalities for functions of selfadjoint operators, see [10] and the references therein. For other results, see [23] , [16] , [22] and [19] . For recent results, see [4] , [5] , [6] and [7] .
The main aim of the present paper is to establish some Hermite-Hadamard's type inequalities for convex functions. Applications in relation with the celebrated Hölder-McCarthy's inequality for positive operators and Ky Fan's inequality for real numbers are given as well.
Some Inequalities for Convex Functions
The following inequality related to the Mond-Peµ carić result also holds: 
for each x 2 H with kxk = 1: In addition, if x 2 H with kxk = 1 and hAx; xi 6 = m+M 2 ; then also
In addition, if x 2 H with kxk = 1 and hAx; xi 6 = m+M 2 ; then also
hAx; xi
The following result also holds 
for any t 2 [0; 1] and each x 2 H with kxk = 1: Moreover, we have the Hermite-Hadamard's type inequalities:
In addition, if we assume that B A is a positive de…nite operator, then
Proof. It is obvious that for any t 2 [0; 1] we have Sp (
On making use of the Mond-Peµ carić inequality (MP) we have (2.11) f ((1 t) hAx; xi + t hBx; xi) hf ((1 t) A + tB) x; xi and (2.12) f (t hAx; xi + (1 t) hBx; xi) hf (tA + (1 t) B) x; xi for any t 2 [0; 1] and each x 2 H with kxk = 1:
Adding (2.11) with (2.12) and utilising the convexity of f we deduce the …rst two inequalities in (2.8) .
By the inequality (1.1) we also have
for any t 2 [0; 1] and each x 2 H with kxk = 1: Now, if we add the inequalities (2.13) with (2.14) and divide by two, we deduce the last part in (2.8).
Integrating the inequality over t 2 [0; 1], utilising the continuity property of the inner product and the properties of the integral of operator-valued functions we have
then, by (2.15), we deduce the inequality (2.9). The inequality (2.10) follows from (2.9) by observing that for hBx; xi > hAx; xi we have
Remark 2. We observe that, from the inequalities (2.8) and (2.9) we have the following inequalities in the operator order of B (H)
where f is a convex function on The case of log-convex functions is as follows:
In addition, if we assume that B A is a positive de…nite operator, then 
Utilising the second inequality in (2.22) we have hf ((1 t) A + t hBy; yi 1 H ) x; xi dt
we obtain the second and the third inequality in (2.20) . Further, on applying the Jensen integral inequality for the convex function f we also have
for each x; y 2 H with kxk = kyk = 1, proving the …rst part of (2.20). Now, on utilising the …rst part of (2.22) we can also state that Further, on aplying the property (P) to the inequality (2.26) and for the operator A we get
for each x; y 2 H with kxk = kyk = 1; which, by integration over t in [0; 1] produces the second inequality in (2.21). The …rst inequality is obvious. 
for any y 2 H with kyk = 1 and any selfadjoint operators A; B with spectra in
In particular, we have from (2.27)
for any y 2 H with kyk = 1 and
As a particular case of the above theorem we have the following re…nement of the Mond-Peµ carić inequality: 
Finally, the case of log-convex functions is as follows: A + B 2 x; x 1 ln hBx; xi ln hAx; xi hBx; xi hAx; xi
Applications for Ky Fan' s Inequality
Consider the function g : (0; 1) ! R, g (t) = 1 t t r ; r > 0: Observe that for the new function f : (0; 1) ! R, f (t) = ln g (t) we have f 0 (t) = r t (1 t) and f 00 (t) = 2r showing that the function g is log-convex on the interval 0; 
which is the weighted version of the celebrated Ky Fan's inequality, see [3, p. 3] .
This inequality is equivalent with
where p i > 0 for i 2 f1; :::; ng with P n i=1 p i = 1 and t i 2 0; 1 2 for i 2 f1; :::; ng : By the weighted arithmetic mean -geometric mean inequality we also have that
giving the double inequality
